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We study the superconductivity of spin-polarized electrons in centrosymmetric ferromagnetic metals. Due
to the spin-polarization and the Fermi statistics of electrons, the superconducting pairing function naturally has
odd parity. Here, we derive generalized parity formulae for the topological invariants characterizing higher-
order topology of centrosymmetric superconductors. Based on the formulae, we systematically classify all
possible band structures of ferromagnetic metals that can induce inversion-protected higher-order topological
superconductivity. Among them, doped ferromagnetic nodal semimetals are identified as the most promis-
ing normal state platform for higher-order topological superconductivity. In two dimensions, we show that
odd-parity pairing of doped Dirac semimetals induces a second-order topological superconductor. In three di-
mensions, odd-parity pairing of doped nodal line semimetals generates a nodal line topological superconductor
with monopole charges. On the other hand, odd-parity pairing of doped monopole nodal line semimetals in-
duces a three-dimensional third-order topological superconductor. Our theory shows that the combination of
superconductivity and ferromagnetic nodal semimetals opens up a new avenue for future topological quantum
computations using Majorana zero modes.
Introduction.— Recently, odd-parity superconductivity has
received great attention due to their potential to realize topo-
logical superconductors (TSCs) [1–5]. Fu and Berg [6], and
also Sato [7] proposed a simple but powerful parity formula
relating the parity configuration in the normal state and the
topological property of the odd-parity superconducting state.
The simplicity of the formula allows fast diagnosis of the
topological nature of a superconducting state by just count-
ing the number of Fermi surfaces, which greatly facilitates the
search of TSCs in centrosymmetric materials.
One limitation of the Fu-Berg-Sato formula is that it can
be applied only to conventional first-order TSCs in which d-
dimensional bulk topology supports gapless Majorana states
on (d − 1)-dimensional boundaries. However, recent stud-
ies on topological crystalline phases have uncovered higher-
order TSCs whose d-dimensional bulk topology protects gap-
less Majorana fermions on the boundaries with dimensions
lower than (d− 1) [8–13]. In general, kth-order TSCs in d di-
mensions host (d−k)-dimensional boundary Majorana states.
In the case of dth-order TSCs in d dimensions, Majorana zero
modes (MZMs) exist at corners, which can be potentially use-
ful for topological quantum computations [2–5].
Up to now, several interesting ideas have been proposed
to realize 2D second-order TSCs in various different set-
tings, such as using the superconducting proximity effect
on quantum Hall insulators [14], quantum spin Hall insula-
tors [12, 15, 16], second-order TSCs [17], Rashba semicon-
ductors [18] and nanowires [19]; breaking time reversal sym-
metry of TSCs with helical Majorana edge states by applying
external magnetic field [8, 20–23] or attaching antiferromag-
nets [24]; and some other ideas [12, 22, 25–27]. In 3D, on
the other hand, there are only few mechanisms proposed for
realizing a third-order TSC such as applying magnetic field
to a 3D second-order TSC with helical hinge modes [8]. For
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more systematic investigations of higher-order TSCs, a simple
criterion for diagnosing higher-order band topology, similar to
the Fu-Berg-Sato parity formula for first-order TSCs, is highly
desired.
In this Letter, we establish generalized parity formulae
for higher-order TSCs and apply them to ferromagnetic met-
als where odd-parity superconductivity naturally arises. Us-
ing the generalized parity formulae, we classify all possible
spin-polarized band structures of centrosymmetric ferromag-
netic metals that can realize inversion-protected higher-order
TSC. From this analysis, we find doped ferromagnetic nodal
semimetals as an ideal normal state that realizes higher-order
TSCs. Explicitly, in 2D, odd-parity pairing of a doped Dirac
semimetal (DSM) induces a 2D second-order TSC. In 3D,
odd-parity pairing of a doped nodal line semimetal (NLSM)
generates a nodal line superconductor with monopole charges.
Furthermore, in the case of a doped monopole NLSM [28, 29],
odd-parity pairing induces a 3D third-order TSC. These find-
ings show that the combination of superconductivity and spin-
polarized 2D and 3D nodal semimetals can be promising plat-
forms for topological quantum computations using MZMs.
Symmetry and nodal structures.— Let us first clarify the
symmetry of the normal and superconducting states of ferro-
magnetic metals with inversion symmetry P0 and classify the
relevant nodal structures. We assume that an electron’s spin
is polarized along the z-direction. Also, we neglect spin-orbit
coupling, but its influence is discussed later. In this setting,
although time reversal symmetry T = iσyK is broken, the
ferromagnetic metallic state is symmetric under the effective
time reversal T ≡ eipiσy/2T = K defined as the product of T
and a 180◦ spin rotation around the y axis, eipiσy/2. Here σy
is a Pauli matrix for spin degrees of freedom, and K denotes
the complex conjugation operator. Also, P0 = P ∗0 because
[P0, T ] = 0. Then, the system is invariant, locally at each
momentum k, under P0T symmetry satisfying (P0T )2 = 1.
Such a P0T symmetric system belongs to the k-local symme-
try class AI+I proposed by Bzdusek and Sigrist [30], where
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2the 1D and 2D topological phases are classified by Z2 invari-
ants [28, 30]. Here the 1D Z2 invariant is the quantized Berry
phase, which is the topological charge of 2D Dirac points and
also of 3D nodal lines. The 2D Z2 invariant is the monopole
charge of 3D nodal lines.
To describe the superconducting state, we introduce a
Nambu spinor Ψˆ(k) = [cˆ↑α(k), cˆ
†
↑β(k)]
T , where cˆ↑α(k)
[cˆ†↑α(k)] is an electron creation [annihilation] operator with
spin up and orbital α. The corresponding Bogoliubov-
de Gennes (BdG) Hamiltonian can be written as Hˆ =
Ψˆ†HBdGΨˆ, where
HBdG =
(
h(k) ∆(k)
∆†(k) −hT (−k)
)
. (1)
Here, h(k) indicates the Hamiltonian for the normal state,
and the pairing function ∆αβ(k) with orbital indices α, β
satisfies ∆αβ(k) = −∆βα(−k) because of the Fermi statis-
tics of electrons. Since the pairing function forms an irre-
ducible representation of the symmetry group, it can have
either odd-parity P0∆(k)P−10 = −∆(−k) or even-parity
P0∆(k)P
−1
0 = +∆(−k).
In the weak-pairing limit, we can focus on the pairing at
the Fermi energy EF and define the corresponding pairing
function as ∆EF (k). Then, P0∆EF (k)P
−1
0 = ∆EF (k) be-
cause ∆EF is a 1× 1 matrix. The Fermi statistics ∆EF (k) =
−∆EF (−k) naturally shows that the pairing function satisfies
the odd-parity condition
P0∆EF (k)P
−1
0 = −∆EF (−k). (2)
Therefore, in Eq. (1), we consider only odd-parity pairing
functions that satisfy P0∆(k)P−10 = −∆(−k) (See also
the Supplemental Material [31]). The corresponding odd-
parity BdG Hamiltonian is symmetric under inversion P =
τzP0 which anticommutes with the particle-hole symmetry
C = τxK, where τx,y,z are Pauli matrices for the Nambu
space. PT and CP symmetries satisfying (PT )2 = 1 and
(CP )2 = −1, which show that the BdG Hamiltonian belongs
to the k-local symmetry class CI+I [30]. In this class, 2D
Dirac points or 3D nodal lines can be protected as in the case
of the class AI+I. The only difference is that the 1D invariant
is integer-valued in the class CI+I, but this is irrelevant in our
analysis below because we are only interested in the parity of
the 1D invariant that can be related to the eigenvalues of P .
Nodal structure of TSC and parity formula.— According to
Eq. (2), an odd-parity pairing function ∆(k) changes its sign
on the Fermi surfaces surrounding a time-reversal-invariant
momentum (TRIM) so that an even number of nodes should
appear at the points where the sign of ∆(k) changes. The
number of nodal points can be related with the inversion pari-
ties of occupied bands using the idea proposed in Refs. [6, 7]
as follows. In 2D, the parity of the number of Dirac node
pairs related by inversion can be counted by the Z2 invariant
ν1 ≡
∑
K∈TRIM n
o
−(K) mod 2 [32], where n
o
−(K) is the
number of occupied states with negative parity at K. Here ν1
can be understood as the number of band inversions at TRIM
that create pairs of Dirac points, starting from the trivial phase
with only positive-parity occupied states.
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FIG. 1. Band structure and parity configuration of spin-polarized
metals leading to 2D second-order TSCs in the weak pairing limit.
(a) Two electron-like (or hole-like) Fermi surfaces surrounding the
same TRIM. (b) Doped DSM with ν1 = 1. (c) Normal state whose
whole bands, including both occupied and unoccupied bands, have
the higher-order topology with ν2 = 1. The horizontal axes in (a,b,c)
schematically represent the 2D Brillouin zone: K1 = (0, 0), andKi
indicates the other three TRIMs with the same parity configuration.
± represents the parity at TRIM. (d) The fourth way to obtain the
higher-order TSCs. The whole bands should have a nontrivial Berry
phase. Here, the ± sign on the top (bottom) row at each TRIM rep-
resents the parity of the higher-energy (lower-energy) states. One
(no) band is occupied in the gray (white) regions, and the boundaries
show the relevant Fermi surfaces.
One can define a similar parity index νBdG1 for the BdG
Hamiltonian as
νBdG1 ≡
∑
K∈TRIM
nBdG;o− (K)
=
∑
K∈TRIM
no−(K) + n
u
+(K)
=
∑
K∈TRIM
nu(K) mod 2, (3)
where no(u)± is the number of occupied (unoccupied) states
with ± parity in the normal state, nu = nu+ + nu−, and
n
BdG;o(u)
± is defined similarly for the BdG Hamiltonian with
an odd-parity pairing function. The second line in Eq. (3) re-
sults from the odd-parity pairing, and the third line follows
from no−(K) = n
o
−(K) + n
u
−(K) − nu−(K) = no−(K) +
nu−(K) + n
u
−(K) mod 2 together with
∑
K n−(K) = 0
mod 2 following from that, when all the bands are occupied,
no band crossing exists at the Fermi level. Equation (3) shows
that νBdG1 = 1 mod 2 only when there exists an odd num-
ber of Fermi surfaces. This is consistent with the odd-parity
condition of the pairing function ∆(k) on the Fermi surface
in Eq. (2), which guarantees an odd number of Dirac node
pairs in the superconducting state per each normal state Fermi
surface enclosing a TRIM.
Generalized parity formula for second-order TSC in 2D.—
To derive the condition for higher-order superconductivity of
spin-polarized electrons, let us introduce generalized parity
formulae. According to the Dirac Hamiltonian formalism for
inversion-protected higher-order topological phases [8, 33],
we can obtain a higher-order TI by inverting 2n bands at a
TRIM starting from a topologically trivial phase. Here, n de-
notes a nonnegative integer. Therefore, counting the number
of the simultaneous inversion of 2n bands at TRIM leads to
3the following Z2 index,
ν2n ≡
∑
K∈TRIM
[
no−(K)
2n
]
floor
mod 2, (4)
where [m+ a]floor = m for an integer m and 0 ≤ a < 1. We
can also introduce similar indices νBdG2n for the BdG Hamilto-
nian by replacing no−(K) by n
BdG;o
− (K). These indices char-
acterize higher-order TSCs.
Let us first discuss the physical meaning of νBdG2 in 2D.
Recently, it was shown that ν2 = 1 indicates the second-order
topology of a PT -symmetric topological insulator with chiral
symmetry, characterized by fractional corner charges on the
boundary [33–35]. A straightforward extension of this idea
shows that νBdG2 = 1 characterizes a second-order TSC with
Majorana corner modes. Explicitly, νBdG2 can be decomposed
as
νBdG2 =
∑
K∈TRIM
[
nu(K)
2
]
floor
+
∑
K∈TRIM
no−(K)
+
∑
K∈TRIM
[
n−(K)
2
]
floor
+
∑
K∈TRIM
δ2(K) mod 2,
(5)
where δ2(K) = [nu(K) + 1]n−(K) mod 2. The detailed
derivation is in the Supplemental Material [31]. In Eq. (5), the
first term counts the parity of the number of “double Fermi
surfaces”, that is, two electron-like Fermi surfaces enclosing
the same TRIM, in the normal state. The second term is ν1 for
the occupied bands in the normal state and the third term is ν2
when all bands are occupied in the normal state. Finally, the
last term counts the number of TRIM with an even number of
unoccupied state and an odd number of negative-parity eigen-
states. Figures 1(a-d) show four different normal state band
structures leading to νBdG2 = 1 in weak-pairing limit, which
arise from the nontrivial value of the first, second, third, and
fourth terms in Eq. (5), respectively.
The analysis of Eq. (5) becomes much simpler in sys-
tems with an inversion-symmetric unit cell, where all atoms
in a unit cell can be adiabatically shifted to its center with-
out breaking inversion symmetry. In this case, the third and
fourth terms in Eq. (5) can be neglected due to the follow-
ing reason. First, let us note that an inversion-symmetric
unit cell gives a topologically trivial state when all bands
are occupied, i.e., ν2 and the Berry phase are zero. Hence
the third term is zero. Second, we note that the fourth
term
∑
K[n
u(K) + 1]n−(K) =
∑
K n
u(K)n−(K) mod 2
in Eq. (5) is 1 modulo 2 only when the Berry phase of
the whole bands is nontrivial. To see this, let us note that
n−(K) = 1 at an even number of TRIM since
∑
K n−(k) =
0 mod 2. When n−(K) = 1 at all four TRIM or nowhere,∑
K n
u(K)n−(K) =
∑
K n
u(K) = νBdG1 = 0 mod 2 be-
cause we consider only fully gapped superconducting states.
Thus, we need n−(K) = 1 only at two TRIM to have∑
K n
u(K)n−(K) = 1 mod 2. In this case, however,
there exists a direction along which n−(K1) + n−(K2) = 1
mod 2, indicating that the Berry phase is pi along theK1−K2
direction [36, 37]. Therefore the fourth term in Eq. (5) should
be zero in systems with an inversion-symmetric unit cell.
Then, there remain two different channels leading to
νBdG2 = 1: one is odd-parity pairing in a metal with dou-
ble Fermi surfaces, and the other is odd-parity pairing in a
doped DSM, whose nontrivial band topology arises from the
first and second terms in Eq. (5), respectively. In general,
the former induces nodal superconductivity rather than a fully
gapped TSC. This is because each of the two Fermi surfaces
encloses a TRIM so that an odd-parity pairing function ac-
companies the sign reversal at two points on the Fermi sur-
face, generating Dirac nodes. A strong pairing is required to
get a fully gapped superconducting state via pair annihilations
of Dirac nodes, unless the system is fine-tuned so that the two
Fermi surfaces are very close to each other. On the other hand,
even weak pairing generates a fully gapped superconducting
state in doped DSMs because two disconnected Fermi sur-
faces, each centered at a generic momentum, are paired in this
case.
Higher-order TSCs in 3D and further generalization.— In
3D, ν1 = 1 indicates an odd number of nodal lines [32], and
ν2 = 1 indicates an odd number of pairs of monopole nodal
lines in the Brillouin zone [29, 38]. Similarly, νBdG1 = 1
(νBdG2 = 1) indicates a superconductor with an odd num-
ber of nodal lines (monopole nodal line pairs). In particular,
the superconductor with a monopole nodal line pair exhibits
the second-order topological property and carries anomalous
hinge Majorana states, as in the case of chiral-symmetric
monopole NLSMs [34]. Similar to 2D cases, the most promis-
ing way to get νBdG2 = 1 is the process with a nontrival second
term in Eq. (5), which corresponds to doping spin-polarized
NLSMs. The third term in Eq. (5) always vanishes when the
whole bands are fully considered. Also the fourth term van-
ishes if we take an inversion-symmetric unit cell as in 2D. In
the case of the first term, it may be relevant in a strong pair-
ing limit. A double Fermi surface normally generates a su-
perconducting state with nodal lines carrying trivial monopole
charges from each Fermi surface. When the pairing amplitude
is sufficiently strong, however, the two trivial nodal lines may
recombine and turn into two monopole nodal lines. We note
that the same mechanism corresponding to the second term in
Eq. (5) was also proposed in Ref. [30] for systems with SU(2)
spin rotation symmetry.
The above formulation can be generalized further to νBdG2n
with an arbitrary n:
νBdG2n =
∑
K∈TRIM
[
nu(K)
2n
]
floor
+
∑
K∈TRIM
[
no−(K)
2n−1
]
floor
+
∑
K∈TRIM
[
n−(K)
2n
]
floor
+
∑
K∈TRIM
δ2n(K) mod 2,
(6)
where the definition of δ2n(K) is given in the Supplemen-
tal Material [31]. In particular, νBdG4 = 1 characterizes the
third-order TSC in 3D [33]. By the same reason discussed
above, one can show that the best way to get a fully gapped
superconductivity with νBdG4 = 1 is to use the process re-
lated with the second term in Eq. (6), which can be achieved
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FIG. 2. Higher-order topological superconductivity from lattice
models. (a,b) 2D second-order TSC obtained by adding an odd-
parity pairing function to the doped 2D DSM described in Eq. (7).
(a) Energy spectrum on a finite-size lattice. (b) Probability density
of a Majorana zero mode (c,d) Monopole nodal line superconductor
derived from a doped 3D NLSM. (c) Energy spectrum of the system,
finite-sized along x and y directions. (d) Nodal structure in the Bril-
louin zone. The torus indicates the Fermi surface enclosing a nodal
line (thick gold line) in the normal state. The blue (red) color in-
dicates the region where the pairing function has positive (negative)
sign. Two monopole nodal loops appear at the interection, where
the pairing function changes its sign. (e,f) 3D third-order TSC de-
rived from a doped 3D monopole NLSM (e) Energy spectrum on a
finite-size lattice. (f) Probability density of a Majorana zero mode
by doping a monopole NLSM (see the Supplemental Material
for details [31]). To sum up, in ferromagnetic systems with
an inversion-symmetric unit cell, doped nodal semimetals are
the best normal state to get a higher-order TSC in the weak-
pairing limit.
Lattice model.— We demonstrate our theory by using sim-
ple tight-binding models defined on rectangular or orthorom-
bic lattices. We construct three models in which the spin-
polarized normal states are a 2D DSM, a 3D NLSM, and a 3D
monopole NLSM, respectively. When an odd-parity super-
conducting pairing is introduced, we show that the three nodal
semimetals turn into a 2D second-order TSC, a 3D monopole
nodal line superconductor, and a 3D third-order TSC, respec-
tively.
First, a 2D DSM can be described by the nearest-neighbor
tight-binding Hamiltonian for s and px orbitals as
h = −µ+ 2t sin kxσy + (M − 2t cos kx − 2t cos ky)σz,
(7)
where the Pauli matrices σy,z describe the orbital degrees of
freedom with ↑ (↓) indicating a s (px) orbital. The correspond-
ing band structure exhibits two Dirac points on the kx = 0 line
when 0 < M < 4 at the energyE = −µ. To induce supercon-
ductivity, we consider the following interaction term Hint =
−U∑i,σ 6=σ′ ni,σni,σ′−V ∑〈i,j〉,σ ni,σnj,σ where U (V ) in-
dicates the on-site interorbital (nearest-neighbor intraorbital)
interaction, which is to be treated by mean-field approxima-
tion. The resulting odd-parity pairing leads to a fully gapped
TSC whose second order band topology is clearly demon-
strated in Fig. 1(a,b). Vetically stacking the 2D DSM and
introducing interlayer hopping, described by −2t cos kzσz ,
we obtain the Hamiltonian for a 3D NLSM. Also, by further
adding py and dxy orbitals at each lattice site and introducing
nearest-neighbor hopping, we obtain a 3D monopole NLSM.
Adding an odd-parity pairing function in these NLSMs leads
to a 3D monopole nodal line superconductor and a 3D third-
order TSC whose topological properties are demonstarted in
Fig. 1(c-f). Detailed information about the tight-binding mod-
els is given in the Supplemental Material [31].
Discussions.— We first discuss the effect of the inversion
asymmetry of the unit cell. Kagome lattice is one example
having inversion asymmetric unit cell. Although the relevant
tight-binding model with nearest-neighbor hopping supports
a 2D DSM, odd-parity pairing does not gives a second-order
TSC. The reason is that the whole three bands here are topo-
logically nontrivial (i.e., ν2 = 1 when the three bands are all
occupied) even in the normal state, so that the sum of the sec-
ond and third terms in Eq. (5) is zero modulo two [31].
Next, let us discuss the effect of spin-orbit coupling. When
spin-orbit coupling is included, T symmetry is broken be-
cause the electron’s spin cannot rotate freely independent of
the orbital degrees of freedom. Since the protection of the
nodal structures in both normal and superconducting states
requires the combination of time reversal and inversion sym-
metries, the nodal structures become unstable when spin-orbit
coupling exists. However, our formula in Eq. (6) is still ap-
plicable as long as inversion symmetry is preserved. Accord-
ingly, a gapped higher-order TSC can still survive if the par-
ity configuration does not change due to spin orbit coupling,
since their topology can be protected by inversion symmetry
only. In the case of the monopole nodal line superconductor,
the nodes are fully gapped when T symmetry is broken due to
spin-orbit coupling. The resulting gapped superconductor is
a second-order TSC hosting chiral hinge states [8, 29, 39].
In fact, in the normal state, NLSM transforms to a Weyl
semimetal by spin-orbit coupling as long as the parity con-
figuration does not change. This means that, when spin-orbit
coupling exists, what we observe is the transition from a Weyl
semimetal to a fully gapped second-order TSC. It is worth
noting a related proposal in Ref. [40], where it was proposed
that an odd-parity superconducting state of a doped Weyl
semimetal has Weyl nodes due to finite Chern numbers of the
Fermi surfaces. In our case, however, the superconducting
state can be fully gapped because we consider a torus Fermi
surface that has zero Chern number.
One way to realize spin-triplet pairing in 2D ferromagnetic
nodal semimetals is to use a superconductor-ferromagnet-
superconductor heterostructure with inversion symmetry.
Here, we can use conventional spin-singlet s-wave supercon-
ductors and a ferromagnet with in-plane magnetization. Af-
ter spin-singlet Cooper pairs penetrate into the ferromagnet,
they can turn into spin-triplet Cooper pairs because of the
spin polarization in the ferromagnet [41]. In 3D, on the other
hand, an intrinsic superconducting pairing is required because
the proximity effect is not effective. In fact, there are sev-
eral materials where the coexistence of ferromagnetism and
superconductivity is reported including, uranium-based ma-
5terials UGe2, URhGe, UCoGe, [42–47], and more recently
proposed twisted double bilayer graphene [48–50]. We hope
that our work stimulates the research on higher-order TSC
in ferromagnets. This will open a new route to Majorana
quantum computations, where ferromagnetic nodal semimet-
als with spin-polarized band crossing serve as platforms for
higher-order TSCs.
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Note added.— Recently, we became aware of two related
manuscripts [51, 52]. Ref. [52] also suggests that a third-order
topological superconductivity can be obtained by odd-parity
pairing in a doped nodal line semimetal. In Ref. [51], the au-
thors also have related the higher-order topology of inversion-
symmetric superconductors to the parity of the normal state.
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I. ODD-PARITY PAIRING IN THEWEAK PAIRING LIMIT IN VIEW OF SYMMETRY AND TOPOLOGY
Spin-polarized electrons in centrosymmetric systems form odd-parity pairing in the weak pairing limit, which can be under-
stood from the Fermi statistics of electrons. This can be alternatively explained from the viewpoint of topological charges of
band crossing nodes. Let us note that a nondegenerate Fermi surface in the normal state is described as a two-fold degenerate
(d − 1)-dimensional node in d dimensions in the Bogoliubov-de Gennes (BdG) formulation in the absence of superconduct-
ing pairing. Table I shows that a zero-dimensional Z2 topological charge exists in the superconducting phase (does not exist)
for an even-parity (odd-parity) pairing, regardless of whether there exists effective time reversal symmetry under T satisfying
T 2 = 1. If we consider even-parity pairing, the zero-dimensional Z2 topological charge serves as the topological charge of the
(d − 1)-dimensional node. Therefore, any weak even-parity superconducting pairing preserves the (d − 1)-dimensional node
in the BdG Hamiltonian. To open the gap, two Fermi surfaces should meet to cancel the topological charge, and this process
requires a strong superconducting pairing. In contrast, weak odd-parity pairing opens the gap on the Fermi surface because
(d − 1)-dimensional node is not protected in the BdG formulation. Accordingly, an odd-parity pairing state is energetically
favorable than an even-parity pairing state.
2TABLE I. Classification of topological charges of nodes in spin-polarized centrosymmetric normal and superconducting states. Here, δ is the
dimension of the submanifold enclosing a node in the Brillouin zone, on which the topological charge is defined.
Pairing-parity Nodal class (PT )2 (PC)2 S2 δ = 0 δ = 1 δ = 2
Normal state A+I 0 0 0 0 0 Z
Even D+I 0 1 0 Z2 0 2Z
Odd C+I 0 −1 0 0 0 Z
Normal state AI+I 1 0 0 0 Z Z2
Even BDI+I 1 1 1 Z2 Z2 0
Odd CI+I 1 −1 1 0 Z Z2
II. PARITY EIGENVALUES AND ODD-PARITY PAIRING
A. Parity indices of odd-parity superconductors.
In the main text, we define parity indices ν2n that counts the number of 2n band inversion occuring at each time-reversal-
invariant momentum (TRIM):
ν2n =
∑
K∈TRIM
[
no−(K)
2n
]
floor
, (1)
where we define no(u)± (K) as the number of occupied (unoccupied) states at K with inversion parity ±1. One of our main result
is the decomposition of the parity indices for the odd-parity BdG Hamiltonian into
νBdG2n =
∑
K∈TRIM
[
nu(K)
2n
]
floor
+
∑
K∈TRIM
[
no−(K)
2n−1
]
floor
+
∑
K∈TRIM
[
n−(K)
2n
]
floor
+
∑
K∈TRIM
δ2n(K) mod 2, (2)
where nu(K) = nu+(K)+n
u
−(K), n−(K) = n
o
−(K)+n
u
−(K), and δ2n(K) is defined below. Here, we derive the decomposition
Eq. (2) as follows:
νBdG2n =
∑
K∈TRIM
[
no,BdG− (K)
2n
]
floor
=
∑
K∈TRIM
[
nu+(K) + n
o
−(K)
2n
]
floor
=
∑
K∈TRIM
[
nu+(K) + n
u
−(K) + 2n
o
−(K)− no−(K)− nu−(K)
2n
]
floor
=
∑
K∈TRIM
[
nu(K)
2n
+
no−(K)
2n−1
− n−(K)
2n
]
floor
=
∑
K∈TRIM
([
nu(K)
2n
]
floor
+
[
no−(K)
2n−1
]
floor
−
[
n−(K)
2n
]
floor
+ δ2n(K)
)
=
∑
K∈TRIM
[
nu(K)
2n
]
floor
+
∑
K∈TRIM
[
no−(K)
2n−1
]
floor
+
∑
K∈TRIM
[
n−(K)
2n
]
floor
+
∑
K∈TRIM
δ2n(K) mod 2, (3)
where δ2n(K) is defined by the fourth and fifth lines, and we flip the sign of the third term in the last line, which is possible
because we count only mod 2.
B. Third-order topological superconductor in three dimensions.
We assume time reversal T and inversion P symmetries that satisfy T 2 = P 2 = 1 in the normal state, and an additional
particle-hole C symmetry that satisfies C2 = 1 and CP = −PC in the superconducting state. Accordingly, in both normal and
3superconducting states, nodal points and nodal lines are stable in two and three dimensions, respectively. In the main text, we
show that, when we can take an inversion-invariant unit cell, the normal state need to obtain a weak-pairing odd-parity second-
order topological superconductor with νBdG2 = 1 in two and three dimensions is a semimetal characterized by ν1 = 1. Here, we
show that, when we can take a unit cell that is inversion-invariant, we need a monopole nodal line semimetal characterized by
ν2 = 1 as a normal state to achieve a fully gapped third-order topological superconductor with νBdG4 = 1 in three dimensions
by weak odd-parity pairing. To prove this statement, we use the following three conditions:
1. there is no Fermi surface enclosing a TRIM,
2. the superconducting state has no nodes requires by inversion parity, and
3. the unit cell is inversion-invariant.
Note that the first and second conditions required to get a fully gapped superconductor. The first condition is required to obtain
a fully gapped superconducting state in the weak pairing limit, because a weak odd-parity pairing creates nodes on each Fermi
surface enclosing a TRIM due to the sign change of the pairing function on the Fermi surface. The second condition states that
there is no parity-enforced node in the superconducting state.
We first write nu(K), no−(K), and n−(K) in binary.
nu(K) = α1(K) + 2α2(K) + 4α4(K) + . . . ,
no−(K) = β1(K) + 2β2(K) + 4β4(K) + . . . ,
n−(K) = γ1(K) + 2γ2(K) + 4γ4(K) + . . . , (4)
where α2n(K), β2n(K), and γ2n(K) are 0 or 1 for all nonnegative integer n. Then,
ν2n =
∑
K∈TRIM
β2n(K) mod 2,
νBdG2n =
∑
K∈TRIM
α2n(K) +
∑
K∈TRIM
β2n−1(K) +
∑
K∈TRIM
γ2n(K) +
∑
K∈TRIM
δ2n(K) mod 2, (5)
The condition 1 and 3 requires all α2n(K)s and all γ2n(K)s to be constants (independent of K), respectively, i.e.,
α2n(K) = α2n ∀n,K,
γ2n(K) = γ2n ∀n,K. (6)
Here, γ2n(K)s are constants because, in the case when we can take an inversion-invariant unit cell, all electronic states can
be continuously deformed to the unit cell center, such that n−(K) is independent of K. The condition 2 requires that the
superconducting state does not have symmetry-required nodes, i.e., νBdG1 = ν
BdG
2 = 0 because ν
BdG
1 on a plane counts the
number of nodal lines penetrating the plane (2D sub-Brillouin zone), and νBdG2 counts the number of monopole nodal line pairs
in the Brillouin zone:
νBdG1 =
∑
K∈TRIM
in a plane
α1(K) = 0 mod 2
νBdG2 =
∑
K∈TRIM
[α2(K) + β1(K) + γ2(K) + δ2(K)] =
∑
K∈TRIM
β1(K) = 0 mod 2, (7)
where, in the second line, we use
∑
K∈TRIM α2(K) = 0 mod 2,
∑
K∈TRIM γ2(K) = 0 mod 2, and
∑
K∈TRIM δ2(K) = 0
mod 2 that is derived in the main text under condition 2 and 3. While the first line is redundant as it can also be derived from
the condition 1, the second line gives a new constraint on β1(K).
It immediately follows that ∑
K∈TRIM
α4(K) = α4
∑
K∈TRIM
1 = 0 mod 2,∑
K∈TRIM
γ4(K) = γ4
∑
K∈TRIM
1 = 0 mod 2. (8)
Also, we have ∑
K∈TRIM
δ4(K) =
∑
K∈TRIM
[
1
4
α1 +
1
2
α2 − 1
4
γ1 − 1
2
γ2 +
1
4
β1(K)
]
floor
= 0 mod 2. (9)
4This can be shown as follows. First, note that δ4(K) = [α1/4 + α2/2− γ1/4− γ2/2 + β1(K)/4]floor is either independent of
β1(K) or dependent on the value of β1(K). In the former, since δ4(K) is an integer that is independent ofK, Eq. (9) is obviously
valid. In the latter, δ4(K) can be either β1(K) mod 2 or 1− β1(K) mod 2, so
∑
K δ4(K) = 0 mod 2 is guaranteed by the
second line in Eq. (7). Thus, we have Eq. (9).
In conclusion, νBdG4 = 1 only when the normal state is a monopole nodal line semimetal characterized by ν2 = 1 when the
three conditions stated in the beginning of this subsection are satisfied, because then
νBdG4 =
∑
K∈TRIM
α4(K) +
∑
K∈TRIM
β2(K) +
∑
K∈TRIM
γ4(K) +
∑
K∈TRIM
δ4(K) mod 2
=
∑
K∈TRIM
β2(K) mod 2
=
∑
K∈TRIM
[
no−(K)
2
]
floor
mod 2
= ν2 mod 2. (10)
III. GENERAL FORM OF MODEL HAMILTONIANS
Here we write down the most general form of the two-, three-, and four-band normal state Hamiltonians with inversion P
and time reversal T symmetries with P 2 = T 2 and their odd-parity BdG Hamiltonians whose particle-hole operator C satisfies
C2 = 1. The two- and four-band normal state models are used in In Sec. IV, and the three-band normal state Hamiltonian is
studied here for a discussion on the tight-binding model on the Kagome lattice in Sec. V. In our notations, σi=x,y,z and ρi=x,y,z
are Pauli matrices for the orbital degrees of freedom, λi=0,...8 are Gell-Mann matrices for the orbital degrees of freedom, and
τi=x,y,z are Pauli matrices for the Nambu space.
A. Two-band normal state and odd-parity pairing
We take inversion P and time reversal T symmetry operators as
P = σz, T = K. (11)
Then, the 2× 2 normal state Hamiltonian has the form of
h(k) = −µ(k) + f1(k)σy + f2(k)σz, (12)
where
µ(k) = +µ(−k)
f1(k) = −f1(−k),
f2(k) = +f2(−k). (13)
The energy spectrum is given by
E(k) = −µ(k)±
√
f21 (k) + f
2
2 (k). (14)
In the case of odd-parity pairing, inversion operator acts on the particle and hole sector with a different sign, so particle-hole
C, inversion P , and time reversal T symmetry operators are
C = τxK, P = τzσz, T = K. (15)
The 4× 4 BdG Hamiltonian compatible with those symmetries is
H(k) = −µ(k)τz + f1(k)τzσy + f2(k)τzσz + ∆1(k)τy + ∆2(k)τyσy + ∆3(k)τyσz
= f1(k)Γ1 + f2(k)Γ2 + ∆1(k)Γ3 + ∆2(k)Γ14 + ∆3(k)Γ24 + µ(k)Γ34, (16)
5where
∆i=2(k) = +∆i=2(−k),
∆i=1,3(k) = −∆i=1,3(−k), (17)
and we define mutually anticommuting Gamma matrices by
Γ1 = τzσy,
Γ2 = τzσz,
Γ3 = τy,
Γ4 = τx,
Γ5 = τzσx, (18)
and Γij = −iΓiΓj . The spectrum of the BdG Hamiltonian is given by [30]
E(k) = ±
√
a2 + b2 ± 2|a× b|,
(19)
where
a = (f1, f2,∆1, ),
b = (∆2,∆3, µ). (20)
B. Four-band normal state and odd-parity pairing
As above, we take symmetry operators as
P = σz, T = K. (21)
Then, the 4× 4 normal state Hamiltonian has the form of
h(k) = −µ(k) + f1(k)ρyσx + f2(k)σy + f3(k)σz
+m1(k)ρz +m2(k)ρx +m3(k)ρxσz +m4(k)ρzσz +m5(k)ρxσy +m6(k)ρzσy
= −µ(k) + f1(k)γ1 + f2(k)γ2 + f3(k)γ3
−m1(k)γ14 +m2(k)γ15 −m3(k)γ24 −m4(k)γ25 +m5(k)γ34 +m6(k)γ35, (22)
where
µ(k) = +µ(−k),
fi=1,2(k) = −fi=1,2(−k),
f3(k) = +f3(−k),
mi=1,2,3,4(k) = +mi=1,2,3,4(−k),
mi=5,6(k) = −mi=5,6(−k), (23)
and we define
γ1 = ρyσx,
γ2 = σy,
γ3 = σz,
γ4 = ρxσx,
γ5 = ρzσx. (24)
For odd-parity pairing,
C = τxK, P = τzσz, T = K, (25)
6the 8× 8 BdG Hamiltonian is
H(k) = −µ(k)τz + f1(k)τzρyσx + f2(k)τzσy + f3(k)τzσz
+m1(k)τzρz +m2(k)τzρx +m3(k)τzρxσz +m4(k)τzρzσz +m5(k)τzρxσy +m6(k)τzρzσy
+ ∆1(k)τy + ∆2(k)τyρyσx + ∆3(k)τyσy + ∆4(k)τyσz
+ ∆5(k)τyρz + ∆6(k)τyρx + ∆7(k)τyρxσz + ∆8(k)τyρzσz + ∆9(k)τyρxσy + ∆10(k)τyρzσy
= f1(k)Γ1 + f2(k)Γ2 + f3(k)Γ3 + ∆1(k)Γ4
+m1(k)Γ237 +m2(k)Γ236 −m3(k)Γ137 +m4(k)Γ136 −m5(k)Γ127 +m6(k)Γ126
+ ∆2(k)Γ15 + ∆3(k)Γ25 + ∆4(k)Γ35 + µ(k)Γ45
+ ∆5(k)Γ146 −∆6(k)Γ147 + ∆7(k)Γ246 + ∆8(k)Γ247 −∆9(k)Γ346 −∆10(k)Γ347, (26)
where
∆i=1,4,5,6,7,8(k) = −∆i=1,4,5,6,7,8(−k),
∆i=2,3,9,10(k) = +∆i=2,3,9,10(−k), (27)
and we define
Γ1 = τzρyσx,
Γ2 = τzσy,
Γ3 = τzσz,
Γ4 = τy,
Γ5 = τx,
Γ6 = τzρxσx,
Γ7 = τzρzσx.
(28)
C. Three-band normal state and odd-parity pairing
We consider the following represetations of P and T
P = 1, T = K, (29)
which is relevant for the Kagome lattice we study below. The most general form of the 3× 3 normal state Hamiltonian is then
h(k) = −µ1(k)λ0 − µ2(k)λ3 − µ3(k)λ8 + f1(k)λ1 + f2(k)λ4 + f3(k)λ6, (30)
where
µi=1,2,3(k) = +µi=1,2,3(−k),
fi=1,2,3(k) = +fi=1,2(−k). (31)
For odd-parity pairing, symmetry operators are
C = τxK, P = τz, T = K, (32)
and the 6× 6 BdG Hamiltonian symmetric under those operations takes the form of
H(k) = −µ1(k)τzλ0 − µ2(k)τzλ3 − µ3(k)τzλ8 + f1(k)τzλ1 + f2(k)τzλ4 + f3(k)τzλ6
+ ∆1(k)τyλ0 + ∆2(k)τyλ3 + ∆3(k)τyλ8 + ∆4(k)τyλ1 + ∆5(k)τyλ4 + ∆6(k)τyλ6, (33)
where
∆i=1,...,6(k) = −∆i=1,...,6(−k). (34)
7IV. TIGHT-BINDING MODELS
We demonstrate our theory by using simple tight-binding models defined on rectangular or orthorhombic lattices. We construct
three models in which the normal states are a Dirac semimetal in 2D, a nodal line semimetal in 3D, and a monopole nodal
line semimetal in 3D, respectively. We show that, when an odd-parity superconducting pairing is introduced, the three nodal
semimetals turn into a second-order topological superconductor in 2D, a monopole nodal line superconductor in 3D, and a
third-order topological superconductor in 3D, respectively.
A. Dirac semimetal and second-order topological superconductor in two dimensions
First, let us consider a 2D Dirac semimetal described by the nearest-neighbor tight-binding Hamiltonian
hˆ = hˆµ + hˆt = −
∑
i,σ
µσc
†
i,σci,σ −
∑
〈ij〉;σ,σ′
ti,σ;j,σ′c
†
i,σcj,σ′ , (35)
where σ = s, px labels the orbital degrees of freedom. In momentum space, we have
h = −µ+ 2t sin kxσy + (M − 2t cos kx − 2t cos ky)σz, (36)
where σy,z are the Pauli matrices for orbital degrees of freedom with ↑ (↓) indicating a s (px) orbital.
µ =
1
2
(µs + µpx) ,
M =
1
2
(µs − µpx)
t = tss = tpxpx = tspx . (37)
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FIG. 1. Higher-order topological superconductivity. (a,b) Zero modes and boundary Majorana states of a two-dimensional second-order
topological superconductor described in Eq. (40). Here t = 1, µ = 0.2, M = 2, and ∆1,3(k) =
∑
i=x,y(∆
V
i,ss ± ∆Vi,pxpx) sin ki, and
∆2(k) = ∆
U , where ∆Vx,ss = ∆Vx,pxpx = 0, ∆
V
y,ss = ∆
V
y,pxpx = 0.5, and ∆
U = 0.5, and a 20 × 20 lattice is considered. (c,d)
Zero modes and nodal lines of a monopole nodal line superconductor described in Eq. (40). We take t = 1, M = 4, µ = 0.2, and
∆1,3(k) =
∑
i=x,y,z(∆
V
i,ss ±∆Vi,pxpx) sin ki, and ∆2(k) = ∆U , where ∆Vx,ss = ∆Vx,pxpx = ∆Vz,ss = ∆Vz,pxpx = 0, ∆Vy,ss = ∆Vy,pxpx =
0.2, and ∆U = 0, and a lattice with 20 × 20 unit cells along x and y in (c). In (d), the torus indicates the Fermi surface enclosing a
nodal line (thick gold line) in the normal state. The blue (red) color indicates the region where the pairing function has positive (negative)
sign. Two monopole nodal loops appear at the intersection, where the pairing function changes its sign. (e,f) Zero modes and boundary
Majorana states of a three-dimensional third-order topological superconductor described in Eq. (47). We take t = 1, µ = 0.2, M = 4,
m1 = m2 = ∆1 = ∆2 = ∆3 = 0.5 on the 14× 14× 14 lattice.
8The Hamiltonian is symmetric under P = σz , T = K, Mx = σz , My = 1, Mz = 1, where Mi=x,y,z indicates a mirror operator
that flips the sign of the i-th coordinate. The energy eigenvalues areE(k) = −µ±
√
4t2 sin2 kx + (M − 2t cos kx − 2t cos ky)2
which exhibit two Dirac points at (kx, ky) = (0,± cos−1[(M − 2)/2t]) when 0 < M < 4 at the energy E = −µ.
To induce superconductivity, we consider the following interaction term
Hint = −U
∑
i,σ,σ′
ni,σni,σ′ − V
∑
〈i,j〉,σ
ni,σnj,σ, (38)
where U indicates the on-site interorbital interaction and V denotes the intraorbital interaction between nearest-neighbor sites.
We treat Hint within the mean field approximation. Although we focus only inversion symmetry, for a systematic analysis of the
lattice model, let us first organize the odd-parity pairing in terms of the irreducible representations of the D2h symmetry group
as
B2u :− i
(
∆Vy,ss + ∆
V
y,pxpx
)
sin ky − i
(
∆Vy,ss −∆Vy,pxpx
)
sin kyσz,
B3u :− i
(
∆Vx,ss + ∆
V
x,pxpx
)
sin kx − i
(
∆Vx,ss −∆Vx,pxpx
)
sin kxσz + i∆
Uσy, (39)
where B2u has parity (+,−,+) under (Mx,My,Mz), and B3u has parity (−,+,+) under (Mx,My,Mz). The B2u pairing
fully opens the gap. On the other hand, the B3u pairing generates four nodes because the intersection of Fermi surfaces and
the kx = 0 plane are the crossing points between two bands with different Mx eigenvalues in the BdG spectrum (by the same
argument applied to odd-parity pairing, the particle sector and the hole sector in the Nambu space have opposite Mx eigenvalues
since B3u is an odd-Mx pairing). Accordingly, we need to include nonvanishing B2u pairing to open the gap. In general the
BdG Hamiltonian takes the form
HBdG(k) =− µτz + 2t sin kxτzσy + (M − 2t cos kx − 2t cos ky)τzσz
+ ∆1(k) sin kyτy + ∆2(k)τyσy + ∆3(k) sin kyτyσz, (40)
where τi=x,y,z are the Pauli matrices for the Nambu space, ∆1,3(k) =
∑
i=x,y(∆
V
i,ss ±∆Vi,pxpx) sin ki, and ∆2(k) = ∆U . We
take t = 1, µ = 0.2, M = 2, ∆Vx,ss = ∆
V
x,pxpx = 0, ∆
V
y,ss = ∆
V
y,pxpx = 0.5, and ∆
U = 0.5, and consider a 20× 20 lattice for
numerical calculations. The results in Fig. 1(a,b) show two zero modes localized at two corners.
B. Nodal line semimetal and second-order topological nodal superconductor in three dimensions
Similalry, we can construct the Hamiltonian for a 3D nodal line semimetal as
h(k) =− µ+ 2t sin kxσy + (M − 2t cos kx − 2t cos ky − 2t cos kz)σz, (41)
which can be considered as a vertical stacking of 2D Dirac semimetals with an additonal hopping along the z direction. The
energy eigenvalues are E(k) = −µ±
√
4t2 sin2 kx +M2k , where Mk = M − 2t cos kx − 2t cos ky − 2t cos kz . A single nodal
loop surrounding the Γ point appears in the kx = 0 plane at the energy E = −µ when 2 < M/t < 6. When |µ| is smaller
than the bandwidth, the Fermi surface is torus-shaped. If we include on-site interorbital U and nearest-neighbor intraorbital V
Coulomb interactions as in two dimensions, odd-parity pairing terms are organized into the D2h irreducible representations as
B1u :− i
(
∆Vz,ss + ∆
V
z,pxpx
)
sin kz − i
(
∆Vz,ss −∆Vz,pxpx
)
sin kzσz,
B2u :− i
(
∆Vy,ss + ∆
V
y,pxpx
)
sin ky − i
(
∆Vy,ss −∆Vy,pxpx
)
sin kyσz,
B3u :− i
(
∆Vx,ss + ∆
V
x,pxpx
)
sin kx − i
(
∆Vx,ss −∆Vx,pxpx
)
sin kxσz + i∆
Uσy, (42)
where B1u, B2u, and B3u has parity (+,+,−), (+,−,+), and (−,+,+) under (Mx,My,Mz), respectively. The relevant BdG
Hamiltonian is given by
HBdG(k) =− µτz + 2t sin kxτzσy + (M − 2t cos kx − 2t cos ky − 2t cos kz)τzσz
+ ∆1(k) sin kyτy + ∆2(k)τyσy + ∆3(k) sin kyτyσz, (43)
with ∆1,3(k) =
∑
i=x,y,z(∆
V
i,ss ± ∆Vi,pxpx) sin ki and ∆2(k) = ∆U . We take t = 1, M = 4, µ = 0.2 with a B2u
pairing: ∆Vx,ss = ∆
V
x,pxpx = ∆
V
z,ss = ∆
V
z,pxpx = 0, ∆
V
y,ss = ∆
V
y,pxpx = 0.2, and ∆
U = 0 for numerical calcula-
tions. The spectrum of the BdG Hamiltonian is gapless at ky = 0 on the torus Fermi surface due to the sign change of
9the pairing term. The nodal structure can be seen explicitly from the energy eigenvalues of the BdG Hamiltonian given by
ξ(k) = ±
√(
∆Vy,ss + ∆
V
y,pxpx
)2
sin2 ky +
(√
4t2 sin2 kx +M2k − µ
)2
. Fig. 1(d) shows the corresponding Fermi surface of a
torus shape and the location of nodes. Interestingly, the two nodal loops at ky = 0 are linked with the nodal loop of the normal
state, which appears as the crossing between the occupied bands of the BdG Hamiltonian. This linking structure indicates that
the zero-energy nodes carry nontrivial monopole charges [29]. To see the higher-order topology of this phase, we consider the
open boundary condition with 20 × 20 unit cells along x and y and the periodic boundary condition along the z direction. The
spectrum shown in Fig. 1(c) reveals zero modes in a finite range of kz , which is inside the nodal loop of the normal state, and
they originate from the nontrivial second Stiefel-Whitney number in the range of kz . We also have two monopole nodal lines
for pairing in the B1u representation, which are now on the kz = 0 plane. Let us note that, for pairing in the B3u representation,
however, two trivial loops are created at the kx = 0 plane. Although νBdG2 = 1, monopole nodal line do not exist. It is basically
because any inversion-invariant 2D subBrillouin zone passing through the k = 0 is gaplesss.
C. Monopole nodal line semimetal and third-order topological superconductor in three dimensions
Finally, let us consider the odd-parity superconductivity of a doped monopole nodal line semimetal. The nearest-tight-binding
Hamiltonian for the normal state is
hˆ = hˆµ + hˆt = −
∑
i,τ
µτ c
†
i,τ ci,τ −
∑
〈ij〉;τ,τ ′
ti,τ ;j,τ ′c
†
i,τ cj,τ ′ , (44)
where τ = s, px, py, dxy labels orbital degrees of freedom. In momentum space,
h(k) =− µ+ 2t sin kxρyσx + 2t sin kyσy + (M − 2t cos kx − 2t cos ky − 2t cos kz)σz +m1ρz +m2ρzσz (45)
where ρ and σ are Pauli matrices for orbital degrees of freedom. Here, the basis states are (s, py, dxy, px)T , and
µ =
1
4
(
µs + µpy + µdxy + µpx
)
,
M = −1
4
(
µs − µpy + µdxy − µpx
)
,
m1 = −1
4
(
µs + µpy − µdxy − µpx
)
,
m2 = −1
4
(
µs − µpy − µdxy + µpx
)
,
t = tss = tpypy = tdxydxy = tpxpx = tspx = tdxypy = tspy = tdxypx . (46)
The Hamiltonian is symmetric under P = σz , T = K, Mx = ρz , My = ρzσz , Mz = 1. When m1 = m2 = 0 and
2 < M/t < 6, this Hamiltonian describes two Dirac points at (kx, ky, kz) = (0, 0,± cos−1[(M − 4)/2t]), which correspond
to a particular limit of a monopole nodal line shrunken to a point. It can bee seen from the energy spectrum E(k) = −µ ±√
4t2 sin2 kx + 4t2 sin
2 ky +M2k , whereMk = M−2t cos kx−2t cos ky−2t cos kz . Nonzerom1 andm2 make the monopole
nodal lines have a finite size. When interorbital onsite and intraorbital nearest-neighbor Coulomb interactions are considered,
pairing functions can be classified to B1u, B2u, or B3u representation of D2h as we did above, and the B1u pairing opens the
full gap. Therefore we consider the B1u pairing with two additional mirror-breaking pairing ∆9 and ∆10 needed to obtain
well-localized corner states. Adding those superconducting pairing, we have
HBdG(k) =− µΓ45 + 2t sin kxΓ1 + 2t sin kyΓ2 + (M − 2t cos kx − 2t cos ky − 2t cos kz)Γ3 +m1Γ136 +m2Γ237
+ ∆1 sin kzΓ4 + ∆4 sin kzΓ35 + ∆5 sin kzΓ146 + ∆8 sin kzΓ247 −∆9Γ346 −∆10Γ347, (47)
where Γ1 = τzρyσx,Γ2 = τzσy,Γ3 = τzσz,Γ4 = τy,Γ5 = τx,Γ6 = τzρxσx,Γ7 = τzρzσx, Γij = −iΓiΓj , and Γijk =
−iΓiΓjΓk. The spectrum is fully gapped when t = 1, µ = 0.2, M = 4, m1 = m2 = ∆1 = ∆9 = ∆10 = 0.5, and
∆4 = ∆5 = ∆8 = 0. Fig. 1(e,f) shows the presence of zero modes localized at two corners.
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V. MORE ON TIGHT-BINDING MODELS IN TWO DIMENSIONS
A. Hexagonal lattice
1. Normal state
We begin with the nearest-neighbor tight-binding model.
hˆ = hˆµ + hˆt = −µ
∑
i
c†i ci − t
∑
〈ij〉
c†i cj (48)
In momentum space, we have
h(k) =
(
µ −t (e−ik·a1 + e−ik·a2 + e−ik·a3)
−t (eik·a1 + eik·a2 + eik·a3) µ
)
= µ− [t cos(k · a1) + t cos(k · a2) + t cos(k · a3)]σx − [t sin(k · a1) + t sin(k · a2) + t sin(k · a3)]σy
= µ− (t cos k1 + t cos k2 + t cos k3)σx − (t sin k1 + t sin k2 + t sin k3)σy (49)
where
k1 = k · a1 = 1√
3
ky,
k2 = k · a2 = −1
2
kx − 1
2
√
3
ky
k3 = k · a3 = 1
2
kx − 1
2
√
3
ky. (50)
It has symmetries under
T = K, C3 = 1, Mz = 1, Mx = 1, My = σx, P = σx, (51)
where the crystalline symmetry operations form the D6h group. The Hamiltonian has the form of
h(k) = −µ(k) + f1(k)σx + f2(k)σy, (52)
where
µ(k) = µ,
f1(k) = −t cos k1 − t cos k2 − t cos k3,
f2(k) = −t sin k1 − t sin k2 − t sin k3. (53)
Two Dirac points appear at K = (pi/
√
3, pi) and K ′ = (−pi/√3, pi) points at E = −µ.
C = τxK, P = τzσx. (54)
2. Superconducting state
Let us consider Coulomb interactions. There is no on-site Coulomb interaction because of the Fermi statistics. We consider
the nearest and the next-nearest neighbor Coulomb interactions.
Hint =− U
∑
〈i,j〉
ninj − V
∑
〈〈i,j〉〉
ninj
≈
∑
〈i,j〉
[
c†i c
†
j∆
U
ij + cjci∆
U∗
ij − U−1∆U∗ij ∆Uij
]
+
∑
〈〈i,j〉〉
[
c†i c
†
j∆
V
ij + cjci∆
V ∗
ij − V −1∆V ∗ij ∆Vij
]
=
∑
k
[
c†Akc
†
B−k∆
U
AB(k) + cA−kcBk∆
U∗
AB(k) + c
†
Akc
†
B−k∆
V
AB(k) + cA−kcBk∆
V ∗
AB(k)
]
+ const, (55)
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where ∆U(V )ij = −∆U(V )ji ≡ ∆U(V ), A and B are two sublattice indices, and ci = 1√N
∑
k cA/B,ke
ik·ri depending on whether
ri is in the A or B sublattice.
∆U (k) = ∆U
3∑
i=1
(
0 e−ik·ai
−eik·ai 0
)
= −i∆U
{
[cos(k · a1) + cos(k · a2) + cos(k · a3)]σy + [sin(k · a1) + sin(k · a2) + sin(k · a3)]σx
}
∆V (k) = −2i∆V
3∑
i=1
(
sin(k · bi) 0
0 sin(k · bi)
)
= −2i∆V [sin(k · b1) + sin(k · b2) + sin(k · b3)]. (56)
∆U (k) and ∆V (k) are in the B2u and B1u irreducible representations of the D6h symmetry group, respectively. The B2u
pairing has two nodes at ky = 0 because it is odd under My , while B1u pairing open the full gap. Accordingly, the B1u pairing
is energetically favored.
The corresponding BdG Hamiltonian for the B1u pairing is
H = −µ(k)τz + f1(k)τzσx + f2(k)τzσy + ∆1(k)τy + ∆2(k)τyσx + ∆3(k)τyσy, (57)
where ∆1(k) = ∆V (k), and ∆2(k) = ∆3(k) = 0. The BdG Hamiltonian is symmetric under
C = τxK, T = K, C3 = 1, Mz = 1, Mx = τz, My = σx, P = τzσx, (58)
Table. II shows that νBdG2 = 1 for µ = 0.2, t = 1, ∆
V = 0.05, i.e., we have a second-order topological superconductor.
TRIM (0, 0) (pi, pi/
√
3) (−pi, pi/√3) (0, 2pi/√3)
parity (+,+) (−,−) (−,−) (−,−)
TABLE II. Parity eigenvalues of the occupied states of the BdG Hamiltonian in Eq. (57). µ = 0.2, t = 1, ∆V = 0.05.
B. Kagome lattice
1. Normal state
The nearest-neighbor tight-binding model on the Kagome lattice features one exactly flat band and other two bands crossing
at the K points, forming two Dirac points. Superconductivity on the Kagome Lattice has been studied in the context of the large
correlation effect due to the flat band. Here, we consider the superconductivity of spin-polarized electrons at the filling near the
Dirac points.
The nearest-neighbor tight-binding Hamiltonian is given by
hˆ = hˆµ + hˆt = −µ
∑
i
c†i ci − t
∑
〈ij〉
c†i cj . (59)
In momentum space, we have
h(k) =
 −µ −2t cos k1 −2t cos k2−2t cos k1 −µ −2t cos k3
−2t cos k2 −2t cos k3 −µ
 , (60)
where
k1 = k · a1 = 1
2
kx,
k2 = k · a2 = −1
4
kx +
√
3
4
ky,
k3 = k · a3 = −1
4
kx −
√
3
4
ky. (61)
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ai=1,2,3 connects neartest neighbor sites. Let us introduce Gell-Mann matrices λi=0,...8 for notational convenience.
λ0 =
1 0 00 1 0
0 0 1
 , λ1 =
0 1 01 0 0
0 0 0
 , λ2 =
0 −i 0i 0 0
0 0 0

λ3 =
1 0 00 −1 0
0 0 0
 , λ4 =
0 0 10 0 0
1 0 0
 , λ5 =
 0 0 i0 0 0
−i 0 0

λ6 =
0 0 00 0 1
0 1 0
 , λ7 =
0 0 00 0 −i
0 i 0
 λ8 = 1√
3
1 0 00 1 0
0 0 −2
 . (62)
Using Gell-Mann matrices, we can write the Hamiltonian as
h(k) = −µλ0 − 2t(cos k1λ1 + cos k2λ4 + cos k3λ6). (63)
Two Dirac points appear at K = (pi/
√
3, pi) and K ′ = (−pi/√3, pi) points at E = −t/2 − µ. One can see that it has the form
of Eq. (30) with µ1 = µ, µ2 = µ3 = 0, and fi=1,2,3 = 2t cos ki=1,2,3. The Hamiltonian is symmetric under
T = K, C3 =
0 0 11 0 0
0 1 0
 , Mz = 1, Mx =
0 1 01 0 0
0 0 1
 , My =
0 1 01 0 0
0 0 1
 , P = 1, (64)
where C3 is the 120◦ rotation about the z axis, and Mi=x,y,z is the mirror operation that flips the i = x, y, z coordinate.
2. Superconducting state
Let us add Coulomb interactions. Since there is no on-site Coulomb interaction due to the Fermi statistics of spin-polarized
fermions, we consider the nearest-neighbor interaction only.
Hint = −U
∑
〈i,j〉
ninj
≈
∑
〈i,j〉
[
c†i c
†
j∆ij + cjci∆
∗
ij − U−1∆∗ij∆ij
]
=
∑
k
[
c†Akc
†
B−k∆AB(k) + cA−kcBk∆
U∗
AB(k)
]
+ const, (65)
where A,B = 1, 2, 3 are sublattice indices, and
∆(k) = −2i∆
 0 sin(k · a1) sin(k · a2)sin(k · a1) 0 sin(k · a3)
sin(k · a2) sin(k · a3) 0

= −2i∆(sin k1λ1 + sin k2λ4 + sin k3λ6). (66)
This pairing matrix belongs to the B1u irreducible representation of the D6h group, i.e., it is invariant under C3z and has parity
(−,+,+) under mirror (Mx,My,Mz). It opens the full gap on the Fermi surfaces. The BdG Hamiltonian has the form
H(k) = −µτzλ0 − 2t(cos k1τzλ1 + cos k2τzλ4 + cos k3τzλ6) + 2∆ sin k1τyλ1 + 2∆ sin k2τyλ4 + 2∆ sin k3τyλ6. (67)
It corresponds to Eq. (33) with µ1 = µ, fi=1,2,3 = −2t cos ki=1,2,3, µ2 = µ3 = ∆1 = ∆2 = ∆3 = 0, and ∆i=4,5,6 =
2∆ sin ki=4,5,6.
Table. III shows the parity eigenvalues of the occupied states of the BdG Hamiltonian for t = 1, µ = −0.3, and ∆ = 0.05.
Although we introduce odd-parity pairing in a doped Dirac semimetal, we have νBdG2 = 0 mod 2. This is because the unit cell
in the Kagome lattice is not inversion-invariant (it is inversion-invariant only up to some lattice translation of sublattice sites),
which is consistent with our formula Eq. (2).
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TRIM (0, 0) (pi, pi/
√
3) (−pi, pi/√3) (0, 2pi/√3)
parity (+,−,−) (+,+,−) (+,+,−) (−,−,+)
TABLE III. Parity eigenvalues of the occupied states of the BdG Hamiltonian in Eq. (67). t = 1, µ = −0.3, and ∆ = 0.05.
